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L  INTRODUCTION 


When  a  single  channel  is  shared  by  many  users,  for  the  accommodation  of  their  transmis¬ 
sions,  the  multiple-access  problem  arises.  This  problem  takes  various  forms,  depending  on  the 
system  model,  and  mainly  on  the  characteristics  of  the  users.  In  packet  networks,  when  the 
number  of  the  users  and  their  packet-generating  processes  are  well-defined  and  remain 
unchanged,  multiple-access  algorithms  with  deterministic  characteristics  are  most  appropriate; 
the  deterministic  tree  search  in  [2]  belongs  in  this  class,  which  then  induces  better  throughput- 
delay  characteristics  than  those  induced  by  the  random-access  class.  The  random-access  class  is 
most  appropriate  when  the  user  population  may  vary,  and  has  the  advantage  of  inducing  opera¬ 
tions  which  arc  independent  of  the  user  population;  its  disadvantage  is  that  it  induces  high  varia¬ 
tions  in  delays.  The  algorithms  in  [1],  [3],  [5],  [6],  [1 1],  and  [13]  belong  in  the  latter  class. 

For  both  well-defined  and  varying  population  user  models,  the  existing  research  effors 
have  almost  exclusively  focused  on  uniform  user  populations  and  on  absence  of  strict  constraints 
imposed  on  transmission  delays.  The  exceptions  are  the  works  in  [7],  [8],  [10],  and  [12].  In  [7] 
and  [10],  the  possibility  of  time  constraints  in  transmissions  is  considered.  In  [10],  a  uniform, 
infinitely  large,  user  population  is  considered  with  a  strict  upper  bound  on  transmission  delays 
imposed,  and  a  random-access  algorithm  which  then  inevitably  induces  packet  losses,  is  adopted 


and  studied.  In  [8],  an  interconnected  two-channel  system  with  mixed  user  populations  is  con¬ 
sidered;  a  portion  of  the  user  population  has  the  option  to  dynamically  join  either  one  of  the  two 
channels,  which  results  in  an  acceleration  effect  on  the  delays  of  the  latter  class  of  users.  The 
algorithm  in  [8]  is  random-access;  it  thus  induces  variations  on  delays,  and  cannot  tolerate  strict 
delay  limitations  without  packet  losses.  In  [12],  a  single  channel  but  mixed  traffic  system  is  con¬ 
sidered,  where  a  portion  of  an  overall  infinitely  large  population  of  users  generates  priority  data. 
Then,  a  variation  of  the  random- access  algorithm  in  [13]  is  adopted  which  accelerates  the  prior¬ 
ity  packets.  The  algorithm  in  [12]  induces  large  variations  on  the  delays  of  the  priority  data, 
however,  and  cannot  tolerate  strict  delay  limitations  without  losses. 

In  this  paper,  we  take  a  different  approach  than  those  taken  in  [7],  [8],  [10],  and  [12],  which 
combines  time-constraints  and  nonuniform-population  issues.  In  particular,  we  consider  a 
single-channel  system  accommodating  mixed  traffic:  High  priority  data  requiring  a  strict  upper 
bound  on  their  transmission  delays,  and  low  priority  data  which  do  not  impose  such  strict  delay 
limitations.  We  require  that  there  are  not  packet  losses  for  any  part  of  the  traffic,  and  our  objec¬ 
tive  is  to  meet  the  strict  delay  requirements  of  the  high  priority  data  with  simultaneous  good 


throughput-delay  accommodation  of  the  low  priority  data.  The  satisfaction  of  our  objective  is 
feasible,  based  on  the  following  observation:  In  real  systems,  there  is  a  well-defined  user  popu¬ 
lation  which  may  generate  high  priority  data.  Based  on  this  observation,  we  design  and  analyze 
a  mixed  algorithm  which  performs  a  deterministic  tree  search  for  the  high  priority  traffic,  and 
which  has  a  random-access  pan  assigned  to  the  possibly  varying  population  of  users  who  gen¬ 
erate  low  priority  data. 


The  organization  of  the  paper  is  as  follows.  In  Section  n,  we  present  the  system  model.  In 
Section  III,  we  include  the  description  of  the  transmission  policies  adopted  for  both  the  high  and 
the  low  priority  packets.  In  Section  IV,  we  present  the  analysis  of  the  overall  system,  in  terms  of 
throughputs  and  delays.  In  Section  V,  we  include  numerical  results.  In  Section  VI,  we  draw 
some  conclusions. 


1 


IL  SYSTEM  MODEL 


We  consider  a  system  where  a  fixed  number  of  users  who  may  generate  high  priority  data 
and  a  large  number  of  users  who  generate  low  priority  data  only,  share  a  single  common  channel 
for  their  transmissions.  We  assume  that  the  data  from  all  users  are  in  the  form  of  packets  whose 
lengths  are  identical,  and  we  consider  synchronous  transmissions;  that  is,  the  channel  time  is 
divided  into  slots  of  length  equal  to  a  single  packet,  and  packet  transmissions  can  start  only  at 
the  beginnings  of  slots.  We  adopt  the  idealistic  case  where  no  propagation  delays  exist  and 
where  the  only  cause  of  channel  errors  are  due  to  collisions.  In  particular,  we  assume  that  a  sin¬ 
gle  packet  transmission  is  always  successful  and  that  simultaneous  multiple-packet  transmissions 
(collision)  cause  destruction  of  all  the  involved  packets  which  must  then  be  retransmitted. 

We  consider  the  existence  of  binary,  collision  versus  noncollision,  feedback  per  slot;  a  col¬ 
lision  slot  will  be  denoted  C,  while  a  noncollision  slot  will  be  denoted  NC.  We  adopt  the  limited 
sensing  environment;  that  is,  each  user  observes  the  feedback  sequence  continuously,  only  from 
the  time  he  generates  a  packet  to  the  time  that  this  packet  is  successfully  transmitted.  In  addi¬ 
tion,  we  assume  that  identifiable  "flags"  exist  in  the  system,  which  indicate  the  beginnings  of 
certain  slot  frames;  the  frames  and  the  "flags"  are  described  in  the  next  section.  Each  user 
observes  the  "flags"  only  from  the  time  he  generates  a  packet,  to  the  time  that  this  packet  is  suc¬ 
cessfully  transmitted.  As  will  be  explained  in  the  next  section,  the  frames  and  their  identifica¬ 
tion  are  necessary  for  securing  a  strict  upper  bound  on  the  delays  of  the  high  priority  packets, 
with  simultaneous  system  stability;  that  is,  without  rejecting  any  data  packets  from  the  system. 

We  assume  2N  number  of  users,  who  may  generate  high  priority  packets.  We  assume  that 
in  a  period  of  2N_1  (n+2)  slots,  for  some  n  such  that  l<n<N,  each  of  the  2N  users  generates  a 
high  priority  packet  with  probability  p,  and  generates  no  such  packet  with  probability  1-p.  We 
impose  the  constraint  that  the  transmission  of  each  high  priority  packet  cannot  be  delayed  by 
more  than  2N  (n+2)  slots. 

For  the  traffic  generated  by  the  low  priority  users  in  the  system,  together  with  the  possible 
low  priority  traffic  that  may  be  generated  by  the  2N  users,  we  adopt  the  limit  Poisson  user  model 
with  some  Poisson  intensity  X  packets/slot;  that  is,  infinitely  many  Bernoulli  independent  users 
with  total  traffic  intensity  X.  As  proven  in  [9],  the  latter  model  corresponds  to  a  "worst  case,"  in 
terms  of  throughput-delay  performance  of  some  given  random  access  algorithm. 

Our  objective  is  to  devise  transmission  policies  for  the  mixed,  high  versus  low  priority, 
traffic,  which  are  stable  (they  do  not  reject  any  packets),  which  satisfy  the  strict  delay  constraints 
for  the  high  priority  packets,  and  which  accommodate  as  effectively  as  possible  the  low  priority 
traffic. 

Time  will  be  measured  in  slot  units,  where  slot  t  occupies  the  time  interval  (t,  t+1).  The 
feedback  of  slot  t  will  be  denoted  xt,  where  xt=C  if  the  slot  is  occupied  with  a  collision,  and 
where  x,=NC  otherwise.  It  is  assumed  that  a  packet  arrival  in  [t,  t+1)  observes  the  feedback  xt, 
and  all  the  subsequent  feedbacks  xt+i ,...,  until  it  is  successfully  transmitted. 


IIL  THE  TRANSMISSION  POLICIES 

In  this  section,  we  describe  the  transmission  policies  adopted  by  both  the  high  and  the  low 
priority  traffics,  given  the  models  and  constraints  presented  in  Section  II.  We  start  with  the 


description  of  the  policy  adopted  by  the  high  priority  packets,  since  they  have  to  satisfy  a  strict 
delay  constraint,  and  since  the  policy  for  the  low  priority  packets  will  be  designed  "around"  the 
openings  allowed  by  the  former  policy. 

IILl.  The  Policy  for  the  High  Priority  Packets 

Let  us  temporarily  ignore  the  presence  of  the  low  priority  traffic,  and  let  us  only  consider 
the  high  priority  packets  generated  by  the  2N  users.  Let  the  2N  users  be  indexed  from  1  to  2N, 
and  let  this  indexing  be  known  to  them  all.  Let  the  2N  users  form  2N_n  disjoint  groups,  where 
lSn<N,  and  where  the  k-th  group  contains  the  users  with  indices  from 
(k-l)2n+l  to  k2n,  l<k<2N-n.  Let  n  and  the  grouping  be  known  to  the  2N  users.  Then,  in  the 
absence  of  low  priority  traffic,  the  high  priority  packets  are  transmitted  by  "examining"  the  2N~n 
groups  sequencially,  from  group  1  to  group  2N_n;  that  is,  all  possible  packets  in  group  k  are 
transmitted  after  those  in  groups  1  to  (k-1)  have  completed  successful  transmission.  The 
transmissions  within  each  group  are  accommodated  via  the  rules  of  some  multiple-access  algo¬ 
rithm,  and  the  transmissions  from  group  k  start  immediately  after  the  last  successful  transmission 
from  group  (k-1).  We  point  out  that  in  the  presence  of  low  priority  traffic,  the  transmissions 
from  group  k  will  not  start  immediately  after  the  resolution  of  group  (k-1).  Instead,  to  allow 
openings  for  the  low  priority  traffic,  the  transmissions  from  group  k  will  start  after  the  "worst 
case"  resolution  length  for  group  (k-1)  has  been  exhausted.  This  will  be  explained  better,  in  the 
process  of  this  section. 

Let  us  first  describe  the  multiple-access  algorithm  used  for  the  successful  transmission  of 
all  packets  within  a  group  containing  2"  users.  The  algorithm  is  the  deterministic  tree-search 
version  of  the  2-ceil  random  access  algorithm  in  fllj.  The  reason  we  adopt  this  deterministic 
tree-search  rather  than  the  probabilistic  (random)  access  imposed  by  the  algorithm  in  [1 1],  is  due 
to  the  strict  upper  bound  delay  constraint  in  conjunction  with  the  unacceptable  of  rejections  for 
the  high  priority  packets.  Indeed,  no  random-access  algorithm  can  simultaneously  satisfy  the 
above  two  requirements.  The  deterministic  form  of  the  algorithm  in  [1 1]  is  described  as  follows: 

Consider  the  binary  tree  in  Figure  1,  with  2n  leaves.  The  2n  users  are  placed  on  the  latter 
leaves.  The  resolution  of  the  tree  starts  with  a  root  transmission;  that  is,  all  users  who  may 
have  a  packet  to  transmit,  first  attempt  transmission.  The  number  of  slots  needed  for  the 
tree  resolution  (for  the  successful  transmission  of  all  the  packets  on  its  leaves)  is  called  the 
Collision  Resolution  Interval  (CRI).  If  the  feedback  from  the  root  transmission  is  NC,  the 
CRI  lasts  one  slot.  If,  instead,  the  feedback  from  the  root  transmission  is  C,  then  a  collision 
resolution  process  starts  with  the  next  slot.  The  process  works  with  binary  subdivisions  of 
the  tree,  exactly  as  with  the  Capetanakis  tree  algorithm  [2],  until  the  first  after  the  root  col¬ 
lision  successful  transmission.  The  difference  here  is  that  after  each  successful  transmis¬ 
sion,  and  before  the  end  of  the  CRI,  the  tree-search  starts  from  the  tree  root. 

As  compared  to  the  Capetanakis  tree  algorithm,  the  algorithm  here  has  the  advantage  that  a 
CRI  which  starts  with  a  collision  ends  the  first  time  that  two  consecutive  NC  slots  appear.  This 
fact  makes  the  ends  of  CRIs  easy  to  identify  for  users  in  the  limited  sensing  environment.  In 
addition,  as  its  random-access  counterpart  [1 1],  the  present  algorithm  has  much  higher  resistance 
to  feedback  errors  than  that  of  the  Capetanakis  tree  algorithm. 

Wc  now  present  a  useful  proposition,  whose  easy  proof  can  be  found  in  the  Appendix. 


Proposition  1 

Given  the  binary  tree  with  2n  leaves,  the  longest  CRI  induced  by  the  algorithm  in  this  sec¬ 
tion  corresponds  to  the  case  that  each  one  of  the  2n  users  has  a  packet  to  transmit,  and  this  larg¬ 
est  length  equals: 

Lmax  A  2n-l  (n+2)  (1) 

In  view  of  the  proposition,  given  2N  users  who  are  divided  into  2N_n  groups,  for  some  n 
such  that  l<n<N,  we  visualize  2N-n  consecutive  time  "frames,"  each  of  length  2'l_1(n+2), 
comprising  a  "superframe."  Then,  we  visualize  the  channel  time  being  divided  into  consecutive 
superframes,  which  are  in  turn  subdivided  into  consecutive  frames  (see  Figure  2).  According  to 
the  model  for  the  high  priority  packets,  as  presented  in  Section  n,  each  of  the  2N  users  can  gen¬ 
erate  at  most  one  packet  per  superframe  length,  with  probability  p.  We  then  propose  the  follow¬ 
ing  transmission  policy  for  the  high  priority  packets: 

Let  us  consider  the  superframe  i  in  Figure  2.  Then,  during  this  superframe,  all  the  high 
priority  packets  that  were  generated  during  the  superframe  immediately  proceeding  it,  are 
successfully  transmitted.  In  particular,  the  users  in  the  first  of  the  2N-n  user  groups  transmit 
their  packets  within  the  first  frame  in  superframe  i,  where  the  corresponding  CRI  starts  with 
the  first  slot  of  this  frame.  The  collision  resolution  process  follows  the  rules  of  the  algo¬ 
rithm  in  this  section.  Similarly,  the  users  in  the  k-th  user  group  transmit  their  packets 
within  the  k-th  frame  in  superframe  i,  where  the  corresponding  CRI  starts  with  the  first  slot 
in  the  frame. 

From  the  above  description,  and  in  view  of  the  fact  that  the  probability  p  is  less  than  one,  it 
is  clear  that  the  CRIs  in  each  frame  will  be  generally  shorter  than  a  frame  length.  Thus  per 
frame,  some  sequence  of  consecutive  slots  (ending  with  the  last  slot  in  the  frame)  will  be  gen¬ 
erally  free,  to  be  used  for  transmissions  by  low  priority  packets,  (see  Figure  3). 

The  scheme  explained  in  this  section  can  work  in  the  limited  sensing  environment,  only  if 
the  starting  points  of  the  superframes  can  be  identified  by  any  new  high  priority  packet  that 
enters  the  system.  We  thus  assume  that  those  points  are  identified  by  "flags"  which  may 
correspond  to  encoded  messages  occupying  a  small  percentage  of  a  slot.  Then,  upon  generation 
of  a  high  priority  packet,  a  user  starts  observing  the  channel,  until  he  sees  the  first  flag.  Then,  he 
transmits  his  high  priority  packet  within  the  superframe  following  the  flag;  in  particular,  within 
the  frame  of  the  latter  superframe  that  corresponds  to  his  group. 

As  it  is  clear  from  above,  for  the  high  priority  packets,  only  the  identification  of  the  starting 
points  of  the  superffames  is  necessary.  For  better  accommodation  of  the  low  priority  packets, 
however,  it  is  desirable  to  have  the  beginnings  of  frames  identifiable  as  well;  otherwise,  the  low 
priority  users  will  be  penalized  (as  we  will  see  below)  by  higher  delays.  If  such  identification  is 
possible,  it  must  be  distinct  from  that  for  the  beginnings  of  superframes,  for  the  benefit  of  the 
high  priority  packets,  which  cannot  be  synchronized  otherwise.  Thus,  if  the  starting  points  of 
frames  can  be  identified,  they  will  be  by  distinct  from  the  flags  codes,  called  "miniflags." 

We  conclude  this  subsection,  by  pointing  out  that  the  transmission  policy  we  have  proposed 
for  the  high  priority  packets,  clearly  guarantees  a  worst  case  strict  upper  bound  on  the  per  packet 
delay  (from  the  time  the  packet  is  generated  to  the  time  it  is  successfully  transmitted).  This 
bound  equals  two  times  the  length  of  a  superframe;  thus,  2N  (n+2)  slots,  wmch  is  consistent  with 
the  constraint  presented  in  Section  Q.  Let  us  also  remark,  that  given  2N  users,  the  number  n  is 
selected  to  satisfy  the  upper  bound  on  the  per  high  priority  packet,  on  one  hand,  and  to  maximize 
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the  throughput  of  the  low  priority  traffic,  on  the  other  hand.  This  is  generally  accomplished  by 
the  largest  possible  n,  which  still  satisfies  the  delay  constraint  for  the  high  priority  packets. 
Indeed,  as  n  increases,  the  percentage  of  the  per  frame  capacity  dedicated  to  the  low  priority 
traffic  increases  as  well,  and  so  then  does  the  throughput  of  the  low  priority  traffic,  for  any  given 
random-access  algorithm  adopted  for  its  transmission.  For  upper  bound  on  the  per  high  priority 
packet  that  is  at  least  2N  (N+2),  n  should  be  selected  equal  to  N.  In  the  latter  case,  all  2^  users 
form  a  single  group,  and  frames  and  superframes  become  then  identical  entities. 


HL2  The  Policy  for  the  Low  Priority  Packets 

From  the  preceeding,  it  is  clear  that  the  channel  capacity  dedicated  to  transmissions  of  low 
priority  packets,  consists  of  the  portions  of  the  frames  which  follow  the  ends  of  high  priority 
CRIs.  If  the  union  of  those  portions  could  be  seen  as  a  separate  channel  dedicated  to  the 
transmissions  of  the  low  priority  packets,  then  the  problem  becomes  simple:  A  known  limited 
sensing  random  access  algorithm  is  adopted,  and  the  throughput-delay  performace  for  the  low 
priority  traffic  is  then  predictable.  The  issue  here  is:  Can  low  priority  packets  identify  the  por¬ 
tions  of  the  frames  assigned  to  them,  and  how?  We  will  provide  answers  to  this  question,  when 
the  2-cell  random  access  algorithm  in  [11]  is  deployed  for  the  transmission  of  the  low  priority 
traffic.  As  established  in  the  latter  reference,  this  algorithm  induces  CRIs  whose  ends  are  easily 
identifiable  by  new  packet  arrivals;  thus,  it  can  be  easily  implemented  in  the  limited  sensing 
environment.  In  addition,  this  algorithm  is  highly  insensitive  to  feedback  errors,  in  the  presence 
of  the  limit  Poisson  user  model  (and  nonmixed  traffic)  its  throughput  is  0.43,  it  induces  good 
delays,  and  it  is  matchable  with  the  algorithm  adopted  for  the  high  priority  traffic;  that  is,  the 
ends  of  CRIs  for  both  high  and  low  priority  traffics  are  identified  similarly  by  new  packet 
arrivals. 

To  make  our  presentation  clear,  it  is  first  necessary  to  review  briefly  the  operations  of  the 
algorithm  in  [11],  when  nonmixed  traffic,  say  low  priority  traffic  only,  is  present  in  the  system. 
Then,  the  algorithm  generates  a  sequence  of  consecutive  CRIs,  such  that:  Let  at  the  end  of  some 
CRI,  the  total  length  of  arrival  intervals  which  contain  packet  arrivals  that  have  not  yet 
attempted  transmission  be  d,  called  tfte  lag.  Then,  the  next  CRI  resolves  an  arrival  interval  of 
length  equal  to  min  (d.  A),  where  A  is  an  algorithmic  parameter  and  equals  2.33  for  throughput 
maximization  (for  attaining  throughput  0.43  in  the  presence  of  the  limit  Poisson  user  model).  In 
the  first  slot  of  the  CRI,  all  arrivals  in  the  arrival  interval  of  length  min  (d,A)  transmit.  If  at  most 
one  arrivals  are  contained  in  the  latter  interval,  the  CRI  ends  and  lasts  one  slot  whose  feedback  is 
NC.  Otherwise,  the  first  slot  of  the  CRI  is  a  collision  slot,  and  a  collision  resolution  process 
starts  with  the  slot  following  it.  During  the  collision  resolution  process,  each  involved  user  util¬ 
izes  a  counter,  whose  value  in  slot  t  is  denoted  rt,  and  where  rt  =  either  1  or  2.  If  rt  =  1,  the  user 
transmits  in  slot  t.  If  rt=2,  the  user  withholds  in  slot  t.  The  rt  values  are  updated  as  follows: 

(a)  If  rt  =  1  and  xt  =  NC,  the  packet  of  the  user  is  successfully  transmitted  in  slot  t 

(b)  If  rt  =  1  and  xt  =  C,  then: 

f  1  ,  with  probability  0.5 
ft+t  “i  2  ,  with  probability  0.5 

(c)  If  rt  =  2  and  xt  =  NC,  then  rt+1  =  1 
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(d)  If  rt  =  2  and  xt  =  C,  then  r,+j  =  2 

From  the  above  recursions,  it  can  be  easily  concluded  that  a  CRI  which  starts  with  a  colli¬ 
sion,  ends  the  first  time  after  its  beginning  that  two  consecutive  NC  slots  appear.  Due  to 
the  latter  property,  a  new  packet  arrival  knows  for  sure  that  a  CRI  has  ended,  the  first  time 
after  its  arrival  that  it  observes  two  consecutive  NC  slots.  In  the  limited  sensing  environ¬ 
ment,  a  packet  arriving  in  [t,  t+1)  starts  observing  the  channel  feedbacks,  beginning  with  xt, 
and  remains  passive  until  the  first  after  t  occurence  of  two  consecutive  NC  slots;  after  that, 
it  can  identify  the  ends  of  consecutive  CRIs.  In  such  environment,  each  CRI  examines  an 
arrival  interval  whose  length  is  min  (d.  A),  where  the  window  of  length  A  slides  from  left  to 
right  on  the  lag  d,  with  its  right  edge  being  one  slot  before  the  starting  point  of  the  CRI  (see 
Figure  4).  Everytime  the  above  mentioned  packet  arrival  is  not  within  the  window  of  size 
A  (which  implies  that  the  lag  d  is  necessarily  longer  than  A),  it  updates  its  arrival  instant  by 
adding  a  A  value  to  it.  The  first  time  his  updated  arrival  instant  is  closer  than  A+l  from  the 
beginning  of  a  CRI,  the  packet  is  successfully  transmitted  during  the  process  of  the  latter 
CRI. 

Let  us  now  consider  the  system  studied  in  this  paper,  as  seen  by  low  priority  packets.  The 
CRIs  for  the  low  priority  packets  will  be  identical  to  those  of  the  algorithm  operating  with  non- 
tnixed,  strictly  low  priority  traffic,  only  that  they  will  be  generally  interrupted  by  CRIs  from  the 
high  priority  traffic.  The  delays  induced  for  the  low  priority  packets  will  be  generally  longer 
than  those  induced  when  high  priority  packets  are  absent  from  the  system.  To  present  the  opera¬ 
tions  of  the  low  priority  packets  clearly,  we  will  consider  rwo  cases:  (A)  The  case  where  only 
flags,  but  not  miniflags,  exist  in  the  system,  and  (B)  the  case  that  both  flags  and  miniflags  exist. 


Let  a  low  priority  packet  arrive  at  some  point  during  superframe  i.  It  immediately  starts 
observing  the  channel  feedbacks  sequencially,  beginning  with  that  of  the  slot  containing  its 
arrival  instant.  Due  to  the  absence  of  miniflags,  the  packet  cannot  identify  the  beginnings  of 
frames  within  superframe  i;  thus,  it  cannot  distinguish  between  ends  of  CRIs  for  high  priority 
packets  and  same  ends  for  low  priority  packets,  within  superframe  i.  Therefore,  it  observes  pas¬ 
sively,  until  the  occurence  of  the  first  after  its  arrival  flag  (which  identifies  the  beginning  of 
superframe  (i+1)).  Since  it  knows  the  lengths  of  the  frames,  it  can  identify,  from  the  occurence 
of  the  latter  flag  and  on,  the  starting  points  of  frames.  Knowing  the  latter  points,  it  can  also  iden¬ 
tify  the  ends  of  CRIs  for  high  priority  packets,  within  each  such  frame,  and  thus  the  portion  of 
each  such  frame  which  is  assigned  to  transmissions  of  low  priority  packets.  Within  those  frame 
portions  only,  the  packet  operates  as  it  would  if  high  priority  packets  were  absent.  Specifically, 
starting  with  the  point  when  the  first  after  its  arrival  flag  occurs,  the  packet  subtracts  from  the 
arrival  axis  the  intervals  that  are  occupied  by  CRIs  for  high  priority  packets,  by  adding  to  its 
arrival  time  their  lengths,  sequentially  as  they  occur  (see  Figure  5).  After  it  observes  the  first 
pair  of  two  consecutive  NC  slots  within  the  channel  portions  assigned  to  low  priority  transmis¬ 
sions,  it  also  starts  adding  a  length  A  to  its  arrival  time,  each  time  a  CRI  for  the  latter  transmis¬ 
sions  ends  and  the  packet  is  not  pan  of  it.  The  packet  is  transmitted  within  a  CRI  for  low  prior¬ 
ity  packets,  if  its  updated  arrival  instant  is  in  distance  at  most  A+l  from  the  beginning  of  the 
CRI. 
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Due  to  the  existence  of  miniflags,  and  since  only  frames  (rather  than  superframes)  are 
relevant  to  the  low  priority  packets,  they  ignore  flags  in  this  case.  Let  a  low  priority  packet 
arrive  during  some  frame,  say  frame  i.  Then,  as  in  case  (A),  it  immediately  starts  observing  the 
channel  feedbacks  sequencially.  The  packet  remains  passive  and  unable  to  make  any  synchroni¬ 
zation  decisions,  until  one  of  the  following  two  events  occurs: 

(a)  It  observes  a  second  after  its  arrival  pair  of  two  consecutive  NC  slots,  before  it  observes  a 
miniflag.  Since  only  the  first  CRI  within  each  frame  corresponds  to  high  priority  packets, 
the  packet  knows  then  for  sure  that  the  second  pair  of  two  consecutive  NC  slots 
corresponds  to  the  end  of  a  CRI  for  low  priority  users.  It  also  knows  that  the  remaining 
after  the  second  pair  of  two  consecutive  NC  slots  channel  time  until  a  miniflag  occurs,  is 
assigned  to  low  priority  traffic.  Thus,  starting  with  the  point  when  the  second  pair  of  two 
consecutive  NC  slots  ends,  the  packet  begins  adding  A  length  to  its  arrival  time,  each  time  a 
CRI  for  low  priority  traffic  which  does  not  include  the  packet  ends.  After  the  occurence  of 
the  first  after  its  arrival  miniflag,  the  packet  can  identify  the  per  frame  portions  of  the  chan¬ 
nel  time  assigned  to  low  priority  transmissions;  thus,  after  the  occurence  of  this  miniflag, 
the  packet  updates  its  arrival  time  exactly  as  in  case  (A). 

(b)  The  packet  observes  at  most  one  pair  of  two  consecutive  NC  slots  between  its  arrival 
instant  and  the  occurence  of  the  first  miniflag  after  that.  The  packet  starts  then  the  adapta¬ 
tions  of  its  arrival  time,  exactly  as  in  case  (A),  only  after  the  instant  when  the  miniflag 
occurs. 

We  note  that  as  compared  to  the  event  (b),  the  occurence  of  event  (a)  generally  results  in 
reduction  of  the  packet  delay. 

From  the  descriptions  of  the  operations  performed  by  low  priority  packets  in  cases  (A)  and 
(B),  we  easily  conclude  that,  as  expected,  the  existence  of  miniflags  generally  results  in  consid¬ 
erable  improvement  of  the  delays  of  the  low  priority  packets,  as  compared  to  the  case  where 
miniflags  do  not  exist.  The  penalty  paid  for  such  improvement  is  waste  of  channel  capacity  for 
the  encoding  of  the  miniflag  signals.  We  note  that  the  margins  of  the  frames  and  superffames 
are  predetermined  and  incorporated  within  the  design  specifications  of  the  system,  before  its 
operation  begins. 


IV.  PERFORMANCE  ANALYSIS 

In  this  section,  we  study  the  throughput-delay  performance  of  the  system,  separately  for  the 
high  versus  the  low  priority  packets. 

IV.l.  The  High  Priority  Class 

Given  2N  users  who  may  generate  high  priority  packets,  given  n,  such  that  l<n<N,  given 
the  multiple-access  algorithm  in  this  paper,  each  superframe  consists  of  2N-n  frames,  where  each 
frame  has  length  L™1*  =  2n-1(n+2).  Each  superframe  has  thus  length  2N-1(n+2)  then,  and  the 
maximum  possible  delay  that  a  high  priority  packet  may  suffer  is  then  2N(n+2).  In  addition,  if 
each  of  the  2N  users  generates  at  most  one  packet  per  superframe  length,  and  if  the  probability 
that  he  generates  such  a  packet  is  p,  then  p  can  take  any  value  in  the  interval  (0,1].  If  p  equals  1, 


is 


then  every  channel  slot  is  occupied  with  high  priority  transmissions,  and  the  throughput  for  the 
low  priority  traffic  is  zero.  Given  p,  the  average  number  of  high  priority  packets  per  superframe 
is  2^p;  thus,  given  n,  the  average  number  of  high  priority  packets  per  slot  is: 


^•p.n 


=  Je_ 


n+2 


(2) 


Given  p  and  n,  the  number  Xp>n  signifies  the  rate  of  the  high  priority  packets.  If,  on  the  other 
hand,  the  rate,  I},,  of  the  high  priority  packets  is  given,  then,  from  expression  (2),  we  conclude: 

n+2 


P  =  >  for  n  :  1  <n  <  2(Xh1  -  1) 


(3) 
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If  Xh  £  — — ,  any  integer  n  in  [1,N]  is  acceptable.  For  given  Xh  <  - - ,  we  may  use  the  "worst 

N+2  N+2 

N+?  N+2 

case"  for  the  selection  of  the  value  p;  that  is,  the  upper  bound  —  —  \h  ( or,  p  = . -  -  A.h). 

We  now  proceed  with  the  computadon  of  the  expected  length  of  a  CRI  for  high  priority 
packets,  within  a  frame,  given  p  and  n.  This  expected  length  is  needed  for  the  computation  of 
delays  for  the  high  priority  class,  as  well  as  for  the  evaluation  of  the  throughput-delay  perfor¬ 
mance  of  the  low  priority  class.  Let  us  define: 

Given  the  multiple-access  algorithm  in  this  paper,  given  2n  users, 
given  that  mi  users  are  active  (have  a  packet  to  transmit)  in  the 
upper  half  of  the  2n-  leaves  tree,  given  that  m2  users  are  active  in 
the  lower  half  of  the  tree,  the  expected  number  of  slots  needed  for 
the  resolution  of  the  (mi+m2)-multiplicity  contention. 

Given  the  multiple-access  algorithm  in  this  paper,  given  2n  users, 
given  that  m  users  are  active,  the  expected  number  of  slots  needed 
for  the  resolution  of  the  m-multiplicity  contention. 

Given  2n  users,  given  that  each  user  has  a  packet  to  transmit  with 
probability  p,  given  the  multipie-access  algorithm  in  this  paper,  the 
expected  length  of  a  CRI. 

We  note  that  L(n,p)  signifies  the  expected  length  of  a  CRI  for  high  priority  packets  within  a 
frame,  and  clearly. 
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L(n,p): 


L(n,p)=  £ 

m=0 


2n 

m 


pm  (i-p)2°-m  w. 


Ln/m  — 


l 


2n 

m 


minim,  2°”‘) 

I 

k=max(0,  m-20-1) 


-^n-1 

"k 


2n_1 

m-k 


(4) 


(5) 


Ln/O  “  4i/l  =  1 


(6) 


The  multiple-access  algorithm  induces  the  following  recursive  expression: 
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2  +  Ln-iima  ;  if  mi=0 

m1+m2>2  ;  L^.m,  =j  mi-1  +  Ln_1im,  ;ifm2=0  (7) 

_ml+Ln-llm,  +Ln-llm2  I  if  m^l,  m2>l 

From  expressions  (4),  (5),  and  (7),  by  substitution,  interchange  of  order  of  summations,  and 
some  manipulations  we  Find: 

For  n>3;  L(n,p)  =  2n_1i  n+2  -  (n+5)q  +  -^q2  -  2(— -1]  £q2‘  -  £2~kq211 1 
[  2  ^  k=2  k=2  J 

L(0,p)=l  ,  L(l,p)  =  2q2  -  4q  +  3 


L(2,p)  =  7q2  -  14q  +  8 


;  where,  q_  1-p 


Remark:  Given  the  multiple-access  algorithm  in  this  paper  and  2N  users,  given  that  in  the  begin¬ 
ning  of  a  collision  resolution  interval  each  user  may  have  a  packet  to  transmit  with  probability  p, 
an  optimal  tree  depth,  N-n,  can  be  selected,  such  that  it  minimizes  the  expected  length  of  the 
CRI;  given  depth  N-n  and  probability  p,  the  expected  length  of  the  CRI  equals  2N-n  L(n,p), 

where  L(n,p)  is  given  by  (8).  A  monotone  sequence  1 — ^  qj  <  q2  •  •  •  <  qjj  can  be  easily 

V3  - 

found,  such  that  the  (N-n)-th  depth  is  optimal  for  p  values  such  that,  q„_i  <  l-p<q„.  This  pro¬ 
perty  induces  a  dynamic  tree-search,  varying  with  the  range  of  the  p  value,  and  is  similar  to  that 
of  Capetanakis’  dynamic  tree  algorithm  [2].  We  point  out  that  within  the  scenario  of  this  paper, 
given  N  and  p,  the  selected  tree-depth  (or  equivalently  the  integer  n)  is  not  necessarily  the 
optimal  in  the  above  sense.  The  choice  of  the  integer  n  is  then  controlled  by  the  delay  upper 
bound  for  the  high  priority  packets  as  well  as  by  the  throughput-delay  performance  it  induces  for 
the  low  priority  traffic. 

Delay  Analysis 

Given  N,  n,  and  probability  p  of  a  single  high  priority  packet  generation  per  superftame 
length  2N~l  (n+2),  we  wish  to  compute  the  per  high  priority  packet  expected  delay  Dh  (N,n,p). 
Here,  a  simple  version  of  the  regenerative  theorem  appears,  where  the  regenerative  points  are  the 
starting  points  of  the  superframes.  Let  us  define: 

Wh:  The  cumulative  expected  waiting  time  of  all  the  high  priority  packets  generated  within  a 
superframe,  before  the  next  superframe  starts,  within  which  the  above  packets  are  success¬ 
fully  transmitted. 

Zh‘.  The  expected  cumulative  delay  of  all  the  high  priority  packets  transmitted  within  a  super- 
frame,  after  the  starting  point  of  the  superframe. 


Nh:  The  expected  number  of  high  priority  packets  transmitted  within  a  superframe. 
Then,  the  application  of  the  regenerative  theroem  gives: 

Dh(N,n,p)  =  Nh1  (Wh  +  Zh) 


where,  clearly. 


Nh  =  2Np 


Assuming  that  each  high  priority  packet  is  generated  uniformly  within  a  superframe,  we 

also  conclude: 

Wh  =  2Np-— =  22(N_1)(n+2)p  (11) 

for  the  computation  of  the  expected  value  Z^,  we  need  the  following  quantities: 

Cn/nij.m, :  Given  the  present  multiple-access  algorithm,  given  the  2n -leaves 

tree,  given  that  there  are  mi  active  users  in  the  upper  half  of  the 
tree  and  m2  active  users  in  the  lower  half  of  the  tree,  the  expected 
cumulative  delay  of  the  mi  -1-  m2  packets  during  the  CRI  which 
starts  from  the  tree  root. 

Qm:  Given  the  present  algorithm,  given  the  2n  leaves  tree,  given  that 

there  are  m  active  users,  the  expected  cumulative  delay  of  the  m 
packets  during  the  CRI  which  starts  with  the  tree  root 

Cn/p:  Given  the  present  algorithm,  given  the  2" -leaves  tree,  given  a  CRI 

which  starts  with  the  tree  root,  given  that  each  tree  leaf  is  occupied 
with  a  packet  with  probability  p,  the  expected  cumulative  delay  of 
all  the  packets  transmitted  during  the  CRI,  starting  from  its  begin¬ 
ning. 


Initially,  we  have  the  following  easy  expressions: 

t  min(m.  2a~‘) 
Gn/m  =  "7  T"  2 

2n  k=max(0,m-2"'1) 


2° 

Gnlp  =  2 
m=0 


pmd-pr 


In  addition,  from  the  algorithmic  model  and  the  consistency  of  the  frames  within  a  superframe, 
we  easily  find: 

2n'®-1 

Zh  =  2N-n  Cnlp  +  I  k2npL^  = 


=  2N“n  Cn,p  +  2N+n'2  (2N~n-l)(n+2)p 

The  algorithm  induces  the  following  recursive  expressions,  where  L„|m  is  the  quantity  in 


2m  +  Cn_i  i  m  >  if  mi  —  0 

m  =  mi+m2>2;  C„  =•)  m(m-l)  +  Cn_um  ;  if  m2  =  0 


if  m]>l 

m.m1+m2  Ln-nn^  +Cn_nm(  +Cn_nmi ;  ^^>1 

Qill  =  1 

From  the  recursions  in  (15),  by  substitution  in  (12)  and  (13)  and  some  manipulations,  in 
conjunction  with  the  expressions  in  (4)  -  (8),  we  finally  obtain: 

Co,p  =  1  -q  =  p 


n>l ;  Cn,p  =  2n-1(l-q)-<  2  (2-q2‘)  + 

l  i=0 

+  if L(i,p)  +  2i+1  - (2i+1— l)q - 2q2*l  jj[  (2-q2') 


;  where  L(n,p)  is  given  by  (8),  and  where. 


q=  1-p 


n(2-q2')^l,forj>i  (17) 

Substituting  expressions  (9),  (10),  (11),  (14),  and  (16)  in  (9),  we  finally  obtain,  where  the 
expressions  in  (17)  hold,  and  where  L(i,p)  is  given  by  (8): 

Dh(N,0,p)  =  2N  +  0.5 

Dh(N,l,p)  =  (2N-l-l)q2  -  (2N+y)q  +  3.2N~l+2  ;  N>1 


N>n^2;  Dh(N,n,p)  =  2N~2(n+2)  +  n(2-q“  )  -  I  qz‘  n  <2-qz') 

i=0  i=0  i=i+ 1 


n-l  7i  n-1  n-l  , 


+  2-1j  (2N"n-l)L(n,p)  +  I  L(i,p)  H  (2-q*)  + 
I  i=0  i=i+l 


m 

m 


(18) 
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n  .  n-1  n  n-1 

+  (1 — q)  £  2‘  n  (2-q2 )  +  q  S  n(2“<r ) 


i=l  4=i 


i=l  4= i 


IV  J.  The  Low  Priority  Class 

From  the  operation  of  the  algorithmic  system,  as  explained  in  Section  EH,  it  is  not  hard  to 
see  that  the  throughput,  X*,  of  the  low  priority  class,  in  expected  number  of  packets  per  slot 
length,  is  determined  by  the  throughput,  X*  of  the  2-cell  algorithm  in  [11],  in  the  presence  of  the 
limit  Poisson  user  model,  in  conjunction  with  the  average  portion,  a,  of  the  per  frame  capacity 
that  is  assigned  to  low  priority  transmissions.  In  particular,  the  following  relationship  holds: 

X;  =  aX*  (19) 

As  found  in  [11],  X*  =  0.43.  On  the  other  hand,  for  given  n  and  p  parameters,  as  defined  in  Sec¬ 
tion  IV.  1,  and  for  L(n,p)  as  defined  in  the  former  section  and  as  given  by  (8),  we  have: 

,  L(n,p) 

a  =  1 - —  QO) 

t  max 

;  where  L™8*  is  the  length  of  a  frame  and  is  given  by  (1)  in  Section  HI.  Thus,  given  n  and  p,  and 
due  to  expressions  (1),  (19),  and  (20),  the  throughput,  X*(n,p),  of  the  low  priority  class  is  given 
by  the  following  expression,  for  L(n,p)  as  in  (8): 

X;(n,p)  =  0.43f.--^£L.]  (21) 


2  (n-t-2) 


Substituting  (8)  in  (21),  we  obtain,  where  q  =  1-p: 


Xl(0,p)=Q,  A.;(l,p)  =  q(2-q) ,  X,*  (2,p)  =  q(2-q) 

n>3  ;  X*  (n,p)  =  «  (n+5)q  -  ~ q2  +  2  — -1  £  q2“  +  £  2"k  q2‘ 

n+2  [  2  9  J  k=2  fc=2 


Remark.  In  a  tedious  but  straightforward  fashion,  the  following  results  can  be  found  from  the 
expressions  in  (22):  (i)  For  every  n,  the  difference  X*(n,^)-X*  (n+l,p)  is  a  monotonically 
increasing  function  of  p,  with  a  unique  zero,  denoted  pn  (0<p„<l).  (ii)  The  values  p„, 
l<n<N-l,  form  a  monotone  sequence:  that  is,  p*  >  P2>—>Pn-i-  (iii)  For  p  such  that, 
p8_i  >  p  >  Pj,  the  integer  n  induces  the  highest  throughput  for  the  low  priority  class;  that  is,  if 

pn_i  >p>p„,  then  X*i  (n,p)  =  max  X*  (k,p).  If  p>pj  then  X*(l,p)  =  max  X*(k,p),  while  if 
.  ,  l<ksN  ISfcSN 

p  <  Pn-1  then  Xi  (N,p)  =  max  X/  (k,p).  Due  to  the  above  results,  we  conclude  that  if  the  worst 

case  delay,  2  (N+2),  is  tolerable  by  the  2  users  who  may  generate  high  priority  packets,  (that 
is,  if  the  delay  constraints  do  not  impose  restricdons  on  the  selection  of  the  tree  depth  N-n),  then, 
given  p,  the  optimal  n,  which  maximizes  the  throughput  for  the  low  priority  class,  may  be 


m 


ppyKjcv 
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selected. 

As  a  first  approach  in  our  quantitative  studies,  we  will  assume  that  the  2N  users  who  may 
generate  high  priority  packets  can  all  tolerate  a  worst  case  delay  equal  to  2n(N+2).  Then,  we 
will  assume  given  rate  Xh  for  the  high  priority  class,  and  as  discussed  in  Section  IV.  1,  we  will 

N+2 

use  the  "worst  case"  p  value;  that  is,  p  =  A.h.  For  given  N  and  Xj,,  we  will  then  select  the  n 
value  which  maximizes  the  throughput  X;  (n,p). 


Delay  Analysis 

To  find  the  per  low  priority  packet  expected  delays,  we  will  relate  the  system  considered  in 
this  paper,  with  a  system  where  a  single  channel  is  assigned  to  exclusively  low  priority  transmis¬ 
sions,  and  the  2-cell  limited  sensing  random  access  algorithm  in  [1 1]  is  deployed. 

Consider  the  following  system,  called  prototype  system:  A  single  slotted  channel  is  used 
by  a  limit  Poisson  user  model,  for  packet  transmissions.  Binary,  C  versus  NC,  feedback  per  slot 
exists,  and  the  limited  sensing  version  of  the  algorithm  in  [11]  is  adopted.  Given  intensity  X  of 
the  Poisson  process  that  generates  the  traffic  in  the  system,  let  us  then  denote  by  Dx  the  induced 
expected  delay  per  packet,  subject  to  X  lying  in  the  stability  region  of  the  algorithmic  system. 
Our  objective  is  to  relate  Dx  to  the  expected  per  low  priority  packet  delays  induced  when  each  of 
the  two  model  cases,  case  A  and  case  B,  in  Section  IH.2  are  present  and  the  intensity  of  the  Pois¬ 
son  low  priority  traffic  is  X.  Towards  that  direction,  we  consider  each  of  the  two  above  cases, 
separately. 


Case  A  Model:  As  explained  in  Section  III.2,  in  this  model  case  only  "flags"  exist.  As  compared 
to  the  prototype  system  described  above,  this  model  case  induces  the  following  variations:  (a) 
In  the  case  A  model,  a  new  low  priority  arrival  must  wait  until  the  first  after  that  occurence  of  a 
flag,  to  basically  start  observing  feedbacks  that  are  of  any  use  to  its  synchronization  with  the 
operations  of  the  algorithmic  system;  since  a  low  priority  packet  arrives  uniformly  within  a 
superframe  length,  this  induces  an  initial,  say  "synchronization,"  delay  per  low  priority  packet, 
whose  expected  length  equals  half  the  length  of  a  superframe.  In  contrast,  a  new  arrival  in  the 
prototype  system,  starts  with  the  feedback  of  the  slot  within  which  it  arrives,  to  synchronize  with 
the  system  algorithmic  operations;  since  a  packet  arrives  uniformly  within  a  slot  length,  and 
since  a  slot-feedback  is  observed  at  the  end  of  the  slot,  this  induces  an  initial  "synchronization" 
delay  per  packet  whose  expected  length  equals  0.5.  (b)  As  compared  to  the  prototype  system, 
the  model  in  case  A  induces  additional  delays  per  low  priority  packet,  due  to  the  per  frame  por¬ 
tion  which  is  assigned  to  high  priority  transmissions.  If  (3  denotes  the  latter  portion,  then  a 
single-slot  length  delay  in  the  prototype  system  is  translated  to  ( 1— P)-1  slots  delay  in  the  case  A 
model.  This  translation  corresponds  to  the  part  of  the  per  low  priority  packet  delay  which  fol¬ 
lows  the  "synchronization"  delay. 

Given  N,  n,  and  p,  as  defined  in  this  section,  given  X*(n,p)  as  in  (21),  given  intensity 
Xe  (0,  X*(n,p))  of  the  Poisson  low  priority  traffic,  let  us  denote  by  d£  (N,  n,  p)  the  per  low 
priority  packet  expected  delay  induced  by  the  system  in  this  paper,  when  the  case  A  model  is 
present.  Let  Dx  be  the  expected  per  packet  delay  in  the  prototype  system,  and  let  and 
L(n,p)  be  as  in  (1)  and  (8),  respectively.  Then,  due  to  the  variations  that  the  case  A  model 
induces  as  compared  to  the  prototype  system,  (as  explained  above),  the  following  equation 
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evolves  naturally. 


D£  (N,n,p)  =  2N-2(n+2)  +  (Dx  -  0.5)  1  - 


L(n,p) 


Case  B  Model:  As  explained  in  Section  in.2,  this  case  model  allows  for  "miniflags''  which  iden¬ 
tify  the  starting  points  of  frames.  In  terms  of  delays,  this  model  varies  from  the  case  A  model, 
only  in  the  initial  "synchronization"  delay  it  induces  per  packet.  Indeed,  this  delay  is  bounded 
from  above  by  half  the  length  of  a  frame.  If  given  N,  n,  p,  and  X  e  (0,  X*  (n,p)),  we  denote  by 
D?  (N,n,p)  the  per  low  priority  packet  expected  delay  induced  by  the  system  in  this  paper  when 
the  case  B  model  is  present,  and  for  Dx,  L(n,p),  and  L™3*  as  in  (23),  then  the  following  relation¬ 
ship  evolves. 

D?  (N,n,p)  <  2"~2  (n+2)  +  <DX  -  0.5)  1  -  *  D?-u(N,n,p)  (24) 

For  the  case  B  model,  we  will  be  satisfied  with  the  upper  bound  in  (24),  rather  than  a  more  pre¬ 
cise  calculation  of  the  expected  delay  (N,n,p),  since  the  latter  is  too  involved  without  pro¬ 
viding  significant  additional  information  about  the  performance  characteristics  of  the  system. 
The  upper  bound  in  (24)  suffices  for  "worst  case"  performance  comparisons  between  the  case  A 
and  the  case  B  models;  that  is,  comparison  between  the  expression  in  (23)  and  the  upper  bound 
in  (24)  shows  the  minimum  gain  obtained,  in  terms  of  per  low  priority  packet  expected  delays, 
when  "miniflags"  are  allowed. 

Due  to  the  above  discussion  and  expressions  (23)  and  (24),  we  conclude  that  for  the  evalua¬ 
tion  of  the  per  low  priority  packet  expected  delays  in  the  presence  of  each  of  the  two,  case  A  and 
case  B,  models,  the  expected  per  packet  delay  Dx,  in  the  prototype  system  remains  to  be  com¬ 
puted.  For  given  n  and  p,  Dx  needs  to  be  computed  for  X  values  in  (0,  X*  (n,p)),  where  X*(n,p) 
is  the  throughput  of  the  low  priority  traffic  that  the  system  induces  and  is  given  by  (21).  The 
methodology  for  the  computation  of  Dx  is  as  that  presented  in  [4],  and  we  include  the  specifics 
for  the  limited  sensing  version  of  the  2-cell  algorithm  in  [11],  in  the  Appendix. 


V.  NUMERICAL  RESULTS 

Using  the  results  in  Section  IV,  in  this  section  we  select  various  values  of  the  independent 
system  parameters,  and  we  subsequently  evaluate  throughputs  and  expected  delays  for  both  the 
low  and  the  high  priority  traffics.  The  independent  system  parameters  are  the  integer  N,  the  rate 
Xh  of  the  high  priority  traffic,  and  the  upper  bound  on  the  delays  of  the  high  priority  packets. 
We  then  take  the  following  two  approaches. 

Approach  1:  Given  N,  we  assume  that  the  worst  case  delay  upper  bound,  2N  (N+2),  is  tolerable 
by  the  high  priority  packets.  Then,  given  Xh,  we  use  the  "worst  case"  p  value,  2-l(N+2)\h,  and 
we  compute  the  throughput,  X*  (n,p),  of  the  low  priority  traffic,  for  values  of  the  integer  n  in 
[1.N].  We  subsequently  select  the  n  value  which  maximizes  the  throughput  X/(n,p).  For  this 
latter  value,  which  is  a  design  parameter,  we  then  compute  the  per  high  and  low  priority  packet 
expected  delays;  for  the  latter,  we  actually  compute  upper  and  lower  bounds. 


Approach  2:  Given  N,  we  assume  that  there  exists  some  integer  n'  in  [1,N],  such  that  the  upper 
bound  on  the  tolerable  per  high  priority  packet  delay  is  2N(n'+2),  where  n'  is  generally  less  than 

N.  Given  \hf  and  in  view  of  (3)  in  Section  IV.  1,  we  then  select  n*  =min(n\  2(Xh  -1))  and 
p*  =  2-1  (n*+2)Xh-  Subsequently,  we  select  various  p  values  in  (0,  p*],  and  for  each  such  value 
we  select  this  integer  n  in  [1,  n*]  which  maximizes  the  throughput  X*  (n,p)  of  the  low  priority 
traffic.  For  the  latter  selection,  which  is  a  design  parameter,  we  then  evaluate  expected  per 
packet  delays,  for  both  the  high  and  the  low  priority  traffics. 

In  Tables  1  and  2,  we  include  numerical  results  for  Approach  1.  For  various  values  of  N 
and  the  rate  A.h  of  the  high  priority  traffic,  we  first  computed  the  probability  p=2~1(N+2)Xh,  and 
we  then  computed  the  quantities  L(n,p),  Dh  (N,  n,  p),  and  X*  (n,p),  in  (8),  (18),  and  (22),  respec¬ 
tively,  for  n  values  in  [1,N];  the  latter  results  are  included  in  Table  1.  For  each  pair  (N,Xh)  of 
values,  we  found  the  interger,  n*,  which  maximizes  the  throughput  X*  (n,p)  of  the  low  priority 
traffic;  the  latter  maximum  throughput  is  then  denoted  X*(n*).  For  each  selection  of  the  pair, 
(n,  Xh),  the  integer  n*  and  the  maximum  throughput  X*(n*)  are  marked  by  an  asterisk,  in  Table 

1.  In  Table  2,  we  include  the  n*  and  X*(n*)  values,  for  various  N  and  Xh  choices,  as  well  as  the 

quantities  Dh  (N,n,p)  in  (18),  DjJ  (N,  n,  p)  in  (23),  and  D^,u  (N,  n,p)  in  (24),  for  p=2-1(N+2)Xh 
and  n=n*,  and  for  various  X  values;  the  quantities  Dh  (N,n,p),  D?  (N,n,p),  and  D£’u  (N,n,jj)  are 
then  denoted  Dh(N,n*),  (N,n*),  and  D§,n(N,n*),  respectively.  The  quantities  D^(N,n  )  and 

Dg-u(N,n*  )  were  computed  from  expressions  (23)  and  (24),  respectively,  in  conjunction  with  the 
values  Dx  from  Table  A  in  the  Appendix.  From  Table  1,  we  observe  that  given  Xh,  the 
throughput  X*(n*)  first  increases  monotonically  with  N,  it  reaches  a  pick,  and  then  it  decreases 
monotonically  as  N  increases.  In  Table  2,  we  include  the  pick  values  of  X* (n*),  for  each  Xh 
value,  and  we  mark  them  by  an  asterisk.  From  Table  2,  we  observe  that  as  the  rate  Xh  increases, 
the  pick  value  of  X*(n*)  and  the  number  N=N(Xh)  at  which  the  latter  pick  value  is  attained  are 
both  monotonically  decreasing,  as  expected.  From  Table  1,  we  also  observe  that  given  N,  the 
pick  value  of  X*(n‘)  decreases  monotonically  with  increasing  rate  Xh,  as  expected.  From  Table 

2,  we  observe  that  the  expected  delays  of  the  high  priority  packets  and  those  of  the  low  priority 
traffic  when  no  miniflags  exist,  are  generally  within  similar  value  ranges;  the  important  differ¬ 
ence,  however,  is  that  an  upper  bound  on  the  delays  of  the  high  priority  packets  is  guaranteed, 
while  with  significant  probability  the  delays  of  the  low  priority  packets  can  reach  large  values. 
We  also  observe  that  the  existence  of  miniflags  can  present  a  highly  significant  delay  advantage 
for  the  low  priority  traffic.  This  is  clear  from  the  cases  where  n*  is  different  than  N,  (those  are 
the  cases  where  superframes  and  frames  are  not  identical  entities),  in  Table  2.  In  the  case  when 
Xh  =  0.100  and  N=  7,  for  example,  the  absence  of  miniflags  results  in  expected  per  low  priority 
packet  delays  that  are  generally  ten  times  those  induced  when  miniflags  are  feasible,  (note  that 
Dg'u(N,n’  )  is  only  an  upper  bound  on  expected  delays). 

Let  us  now  focus  on  Approach  2.  Since  the  rate  of  the  high  priority  packets  is  generally 
low,  as  compared  to  that  of  the  low  priority  traffic,  we  selected  the  Xh  values  0.005,  0.010, 

O. 050,  and  0.100.  Regarding  the  number  of  the  users  who  may  generate  high  priority  packets, 
we  selected  values  N=  2,3, 4, 5, 6, 7;  thus,  the  possibilities  for  the  n  values  are  1,2,3, 4,5,6,  and  7. 
For  the  above  ranges  of  Xh  and  n  values,  we  have  that  n*  =min(n,I  2(Xh‘  — l)  =  n\  for  any 
X^  and  n'  ^selection.  For  every  (Xh,  n')  pair  as  above,  we  computed  the  value 
p  =2-1(n*  +2)Xh.  In  addition,  for  each  (N,n')  pair  as  above,  we  computed  the  maximum 

delay,  D[s|“^2N(n'+2),  that  a  high  priority  packet  may  experience.  Those  results  are  listed  in 

Table  3.  We  note  that  given  N,  the  minimum  value  of  the  maximum  delay  per  high  priority 
packet  is  3.2‘N,  and  is  attained  for  n=l;  thus,  the  number  of  users  who  may  generate  high  priority 
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traffic  determines  a  lower  bound  on  the  feasible  maximum  per  high  priority  packet  delays.  For 
given  N  and  various  p  values,  we  found  the  optimal  n  values  which  maximize  the  throughput 
X* (n,p)  of  the  low  priority  traffic,  when  the  only  constraint  on  the  per  high  priority  packet  delay 
is  the  maximum  upper  bound  2n(N+2).  Those  results  are  included  in  Table  4,  together  with  the 
corresponding  maximum  throughput  values  X/  (n,p),  for  N  =  2,3,4,5,6,7.  Next,  we  considered 
the  case  where  an  upper  bound,  denoted  Dmax ,  on  the  per  high  priority  packet  delay  is  given, 
which  is  generally  less  than  the  maximum  such  bound  ^  (N+2),  for  given  N.  For  given  N  and 
Dmax,  we  then  computed  the  optimal  n  value  that  maximizes  the  throughput  X*(n,p)  of  the  low 
priority  traffic,  for  various  values  of  the  probability  p.  Those  results  are  listed  in  Table  5,  for 
Dmax  =  25,  50,  75,  100,  150  and  N  =  2,  3,  4,  5,  together  with  the  corresponding  maximum 
throughput  values  X*  (n,p);  as  can  be  seen  from  Table  3,  for  N  >  5  there  is  no  n  value  that  can 
attain  Dmax  <,  150.  In  Table  6,  we  list  expected  per  packet  delays  for  both  the  high  and  the  low 
priority  packets,  for  N  and  n  values  as  those  in  Table  5,  and  for  Poisson  rates  X  within  the 
corresponding  stability  regions  which  are  signified  by  the  respective  X*  (n,p)  values  in  Table  5. 
We  note  that  in  both  Tables  5  and  6,  the  values  listed  for  each  given  n  correspond  to  the  range  of 
p  values  which  maintain  the  rate  Xh  of  the  high  priority  traffic  less  than  or  equal  to  0.1.  We  also 
note  that  in  Table  6,  for  the  case  when  "miniflags"  are  present  (case  B),  the  upper  bound  D^,u 
(N,n,p)  of  the  per  low  priority  packet  expected  delay  is  listed,  rather  than  the  expected  delay 
itself.  In  Figures  6,  7,  8,  and  9,  we  plot  the  expected  delays  d£  (N,  n,  p)  and  the  bound  D^,u 
(N,n,p)  against  X,  for  the  N  and  n  values  in  Table  6,  and  for  p  <  0.20;  that  is,  for  each  pair  (N,n) 
we  plot  the  highest  corresponding  values  from  Table  6,  or  equivalently  the  worst  case  values  for 
the  region  p  <  0.20,  named  then  D^(N,n)  and  D^,u(N,n),  respectively.  In  the  same  figures,  we 
also  draw  the  horizontal  lines  which  correspond  to  the  "worst  case"  expected  per  high  priority 
packet  delays  Dj,  (N,n,p)  in  the  region  Xh  £  0.10;  that  is,  we  draw  the  horizontal  lines  at  the  lev¬ 
els  Dh  (N,  n,  p  (Xh  <  0.1)),  for  the  corresponding  (N,n)  values.  We  also  indicate  the  correspond¬ 
ing  imposed  maximum  per  high  priority  packet  delay,  Dmax,  on  each  of  the  curves  in  the  figures. 
Figures  6,  7,  8,  and  9,  correspond  to  N=2,  N=3,  N=4,  and  N=5,  respectively. 

From  Figures  6,  7,  8,  and  9,  we  observe  the  following:  (1)  Given  N,  as  the  imposed  max¬ 
imum  per  high  priority  packet  delay,  Dmax,  increases,  so  do  the  delay  (N,n)  and  the  bound 
Dx’u  (N,n)  that  correspond  to  the  n  values  which  then  maximimize  the  throughput  of  the  low 
priority  traffic,  (subject  to  the  Dmax  constraint  throughput  maximization).  This  delay  penalty  is 
at  the  gain  in  throughput  of  the  low  priority  traffic,  which  increases  as  D"13*  increases  (see  Table 
5);  we  refer  to  the  highest  such  throughput  for  given  N  and  Dmax,  obtained  at  the  corresponding 
optimal  n  selection  (see  Table  5).  (2)  Given  N  and  Dmax  <  2n(N+2),  given  then  the  value  n 
which  maximizes  the  throughput  of  the  low  priority  traffic  (Table  5),  the  difference 
D£  (N,n)  -  D^,u  (N,n)  is  generally  uniformly  substantial  (i.e.,  for  all  X  values  within  the 
corresponding  stability  region).  We  thus  conclude  that  whenever  some  Dmax  <  2n(N+2)  is 
imposed  on  the  high  priority  packets,  then  the  existence  of  miniflags  presents  a  significant 
advantage  regarding  delays  of  the  low  priority  traffic,  as  opposed  to  the  absence  of  miniflags  and 
presence  of  flags  only.  In  fact,  since  D^,u  (N,n)  is  generally  loose  upper  bound  on  the  expected 
per  low  priority  packet  delays  when  miniflags  exist,  the  above  advantage  is  quite  more  signifi¬ 
cant  than  what  Figures  6,  7,  8,  9  show,  and  it  is  present  even  when  Dma*  =  2n(N+2),  for  given  N. 
To  take  advantage  of  the  delay  improvement  induced  by  the  existence  of  miniflags,  the  system 
must  basically  pay  in  terms  of  channel  capacity  dedicated  to  the  miniflag  encoding,  however.  (3) 
Given  N  and  Dmax  =  a,  let  n  (N,a)  denote  the  n  value  which  then  maximizes  the  throughput  of 
the  low  priority  traffic.  Let  also  Dh(N,n,p(Xh<0.1))  denote  then  the  "worst  case,"  in  the  region 
Xh<  0.1,  expected  per  high  priority  packet  delay,  where  n  =  n(N,a).  For  n  =  n  (N,a),  where 
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Dmax  =  a,  we  study  the  difference  (N,n)-Dh(N,n,p(Xh  £0.1))  and  D?,u(N,n)  - 
Dh(N,n,p(Xh<0.1)).  From  Figures  6, 7,  6 , 9,  we  observe  that  given  N,  the  percentage  of  X  values 
for  which  the  first  of  the  above  two  differences  is  positive  increases  monotonically  with  decreas¬ 
ing  a  value.  On  the  other  hand,  for  a  strictly  less  than  2N  (N+2),  the  second  of  the  above  two 
differences  remains  negative  for  almost  all  the  X  values  within  the  corresponding  regions, 
becoming  positive  and  asymptotically  large  only  for  X  values  close  to  the  respective  throughput 
value,  (  X/  (n,p)  from  Table  5,  for  Xh  <0.1).  The  above  observations  present  another  strong 
argument  in  favor  of  "miniflags"  encoding.  Indeed,  as  Dmax  decreases,  the  presence  of  miniflags 
allows  for  expected  per  low  priority  packet  delays  that  are  significantly  lower  than  the  expected 
per  high  priority  packet  delays,  for  all  Poisson  intensities  X  that  are  not  very  close  to  the 
corresponding  throughput  of  the  low  priority  traffic,  while  a  strict  upper  bound  Dmax  on  the  per 
high  priority  packet  delay  is  simultaneously  maintained. 

We  conclude  this  section  by  pointing  out  that  our  schemes  focus  on  the  effective  accommo¬ 
dation  of  the  high  priority  packets,  subject  to  strict  constraints  on  their  maximum  delays  and  sys¬ 
tem  stability,  at  the  expense  of  increased  delays  of  the  low  priority  traffic.  The  penalty  paid 
regarding  the  latter  delays  is  evident  from  the  comparison  of  the  expected  delays  in  Table  A  of 
the  Appendix,  with  those  in  Table  6  and  Figures  6,  7,  8,  9,  where  the  delays  in  Table  A 
correspond  to  the  case  when  the  traffic  in  the  system  is  uniform  and  is  all  low  priority.  This 
penalty  is  significantly  less  severe  when  the  system  provides  for  the  identification  of  frames,  via 
miniflags. 


VI.  CONCLUSIONS 


We  have  considered  a  system  where  a  well-defined  finite  population  of  users  may  generate 
high  priority  data,  and  where  an  ill-defined,  possibly  asymptotically  large,  population  of  users 
generate  low  priority  data.  We  have  assumed  a  strict  upper  bound  on  the  maximum  per  high 
priority  packet  delay,  and  we  have  imposed  a  stability  requirement  for  the  whole  system;  that  is, 
we  do  not  allow  packet  losses.  For  the  above  system,  we  proposed  and  analyzed  a  transmission 
algorithm  which  is  a  mixture  between  a  deterministic  tree  search,  for  the  high  priority  data,  and 
random  access,  for  the  low  priority  packets.  The  algorithm  is  limited  sensing  and  is  based  on  the 
assumption  that  binary,  collision  versus  noncollision,  feedback  per  slot  exists.  The  algorithm 
can  attain  low  expected  per  low  priority  rpacket  delays  and  relatively  high  throughputs  for  the 
low  priority  traffic,  while  it  simutaneously  maintains  a  strict  upper  bound  on  the  maximum  per 
high  priority  packet  delay.  The  above  property  becomes  stronger  as  a  higher  percentage  of  the 
channel  capacity  is  dedicated  to  encoding  for  the  identification  of  frames.  In  our  quantitative 
studies,  we  have  ignored  the  latter  percentage,  which  is  generally  small.  We  emphasize  that  the 
necessity  for  the  identification  of  superffames  or/and  frames,  and  thus  for  some  waste  in  channel 
capacity,  is  due  to  the  limited  sensing  environment  we  considered.  When  full  sensing  is  possi¬ 
ble,  (that  is,  when  all  users  have  knowledge  of  the  overall  feedback  history  in  the  system),  then 
neither  flags  nor  miniflags  are  necessary,  since  each  user  can  then  identify  the  starting  points  of 
frames  without  any  feedback  signaling.  Such  signaling  is  the  penalty  paid  by  the  system  for 
increased  flexibility  and  reliability.  Indeed,  limited  sensing  allows  for  the  accommodation  of 
new  users,  and  guarantees  stability  even  when  users  are  temporarily  isolated  from  exposure  to 
system  feedbacks,  either  due  to  user  mobility  or  due  to  occasional  system  failures. 


i\ 


Dh(N,n,p) 

X, (n.p) 

4.6016 

5.3262 

0.2862 

0.3756* 

14.4953 

35.3778 


1.1250 

1.4375 

2.9521 

7.3453 

18.5813 

45.1603 

106.3207 

244.6413 


1.0002 

1.0007 


1.0008 

1.0028 

1.7044 

3.0783 

5.8231 

11.4709 


1.0010 

1.0035 

1.7007 

3.0661 

5.8066 

11.5014 

23.6979 


1.0012 

1.0044 

1.6975 

3.0557 

5.7975 

11.5539 

24.0090 

50.9513 


66.2400 

76.3400 

95.7984 

122.6222 

162.7922 

230.7121 


265.0625 

304.4922 

374.4410 

460.9123 

566.0403 

704.9174 

919.9693 

1308.6533 


4.5251 

5.0804 


8.5317 

9.6012 

12.2967 


16.5391 

18.6233 

23.2134 

28.3211 


32.5483 

36.6487 

44.9799 

54.0293 

64.3931 


64.5624 

72.6826 

88.4430 

105.2637 

123.7388 

146.0157 


128.5881 

144.7369 

175.2937 

207.5417 

241.9758 

280.9453 

331.1084 


256.6419 

288.8403 

348.9098 

411.8937 

477.9998 

549.7136 

634.1814 

748.1210 


0.3850* 

0.3801 

0.3756 


0.3716* 

0.3691 


0.4083 

0.4208* 


0.4207 

0.4255* 


0.4082 


0.4082 

0.4204 

0.4250 

0.4264 

0.4264* 


jhK\ 


0.010 


0.010 


0.0250 


0.0300 


0.010 


0.0350 


0.010 


0.0400 


L(n,p) 


1.0012 

1.0044 

1.6975 


1.0018 

1.0063 

1.6922 

3.0407 


1.0024 

1.0086 

1.6887 

3.0331 

5.8284 


1.0032 

1.0112 

1.6869 

3.0326 

5.8813 

12.2527 


1.0175 

1.6884 

3.0523 

6.0533 

13.0058 

28.9494 

64.2794 


1.1250 

1.4375 

2.9521 


1.1800 

1.6300 

3.5768 

9.1438 


11.1204 

27.8230 


1.3200 

2.1200 

5.1164 

13.2494 

32.8928 

78.5856 


Dh(N,n,p) 


12.5992 


16.5813 

18.7530 

23.5679 

29.3098 


32.6059 

36.8148 

45.3782 

55.1643 

67.5173 


64.6496 

72.9102 

88.8737 

106.5386 

127.3819 

155.6390 


289.4609 

349.3907 

413.5764 

483.5075 

564.0397 

666.3399 

814.8743 


9.3125 

11.9297 

18.6827 


17.8800 

22.1375 

31.9024 

49.6262 


35.2125 

42.6841 

57.9997 

82.9334 

127.5224 


70.4600 

84.5800 

110.8828 

148.9413 

209.1090 

320.0718 


X{ (n,p) 


0.2865 

0.3760 

0.4081* 


0.2864 

0.3759 

0.4079 

0.4199* 


0.4077 

0.4195 

0.4236* 


0.4074 

0.4191 

0.4229 

0.4233* 


0.4181 

0.4212* 

0.4211 

0.4199 

0.4187 


0.2752 

0.3612* 


0.3716* 


0.3570* 

0.3517 


.2515 

.3302 

0.3404* 

0.3330 

0.3254 


.2408 

.3160 

.3221* 

.3132 

.3053 

0.2994 


27.862 

28.884 

31.156 

34.557 


p _ n  X/(n,p)  n  X<(n,p)  n  A.*(n,p)  n  Xj(  n,p)  n  X*(n,p)  n  X/(n,p) 

00075  2  0.3762  3  0.3938  4  0.4016  5  0.4069  6  0.4103  7  0.4127 
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APPENDIX 


Proof  of  Proposition  1 


The  algorithm  clearly  induces  the  following  recursive  expression: 


;  where 


Ljnax  =  2""1  +  2  LH 


L7,ax  =  3 


Expressions  (A.l)  and  (A.2)  easily  give  the  expression  in  (1). 


The  Evaluation  of  D\ 

We  consider  the  prototype  system  defined  in  Section  IV.2,  and  we  focus  on  the  evaluation 
of  the  expected  per  packet  delay,  D\,  for  given  Poisson  intensity  X.  Given  the  starting  point  of  a 
CRI  induced  by  the  system,  we  define  as  lag  at  this  starting  point,  the  total  length  of  arrival 
intervals  which  contain  unexamined  packet  arrivals,  where  from  this  length  the  slot  immediately 
proceeding  the  starting  point  of  the  CRI  is  excluded.  As  previously  presented  in  [1 1],  it  can  be 
seen  that  the  system  generates  regenerative  points  within  its  stability  region.  In  particular,  those 
regenerative  points  are  the  sequence  of  starting  points  of  CRIs,  with  lag  equal  to  one.  Let  us 
define: 

Wx.:  The  expected  cumulative  delay  of  all  packets  transmitted  in  the  interval  between 

two  consecutive  regenerative  points,  when  the  intensity  of  the  Poisson  traffic  is  X, 
(lying  within  the  stability  region  of  the  system). 

Z\:  Given  intensity  X  of  the  Poisson  traffic,  (lying  within  the  stability  region  of  the 

system),  the  expected  number  of  packets  transmitted  in  the  interval  between  two 
consecutive  regenerative  points. 

Then,  as  fully  explained  in  [4],  the  regenerative  theorem  gives: 

DX  =  WX  Zll  (A. 3) 

Let  us  now  define  the  following  quantities: 

vPd;  Given  lag  d  at  the  beginning  of  a  CRI,  the  expected  cumulative  waiting  time  of 

all  the  packets  that  will  be  transmitted  in  the  interval  between  the  beginning  of 
the  CRI  and  the  next  regenerative  point  (first  time  that  a  CRI  with  lag  one  will 
occur). 

d>d:  Given  lag  d  at  the  beginning  of  a  CRI,  the  expected  cumulative  transmission  time 

of  all  the  packets  that  will  be  transmitted  in  the  interval  between  the  beginning  of 
the  CRI  and  the  next  regenerative  point. 

wd:  Given  lag  d  at  the  beginning  of  a  CRI,  the  expected  cumulative  transmission  time 

of  those  packets  transmitted  during  the  CRI. 


m 


0d:  Given  lag  d  at  the  beginning  of  a  CRI,  the  expected  cumulative  waiting  time  of 

all  the  packets  transmitted  during  the  CRI. 

Ha:  Given  lag  d  at  the  beginning  of  a  CRI,  the  number  of  slots  from  the  beginning  of 

this  CRI  to  the  next  CRI  beginning  with  lag  one. 

Px (/):  Given  a  CRI  which  examines  an  interval  of  length  x,  the  probability  that  the  CRI 

will  be  /  slots  long. 

Relating  the  quantities  in  (A.3),  with  those  defined  above,  we  initially  have: 

WX  =  ^1+<I>1 

(. 

Towards  the  computation  of  the  quantities  in  (A.4),  we  first  write  the  following  recursions 
and  expressions  that  are  induced  by  the  algorithmic  system: 

Xd(y  +  1)  ,  ifd<A 

0<H  A  (A.5) 

AA(y +  1)  ,  ifd>A 


XdC^+D  +  S'P/Pd  (0  ,  if  d  <  A 

1  hi 

X  A(|-  +  1)  +  £  'Pd-A+z  PA(/)  ,  if  d  >  A 

1  i=i 


wd  +  z  pd  (0  ,  if  d  £  A 

on 

wa  +  £  ^d-A+z  Pa(0  ,  if  d  >  A 

Z=1 


(A.7) 


S[/  +  H,]Pd(Z)  ,  ifd<A 
z=i 

Hd=^  .  (A.8) 

Z[/  +  Hd-A+z]PA(0  ,  if  d  >  A 
z=i 

• 

;  where  for  d  <  A,  Hd  =  1,  with  probability  e-Xd  (1+Xd). 

The  expressions  in  (A.6),  (A.7),  and  (A.8)  determine  linear  systems  of  infinite  dimensional¬ 
ity.  The  methodology  in  [4]  is  used  for  the  evaluation  of  upper  and  lower  bounds  on  the  respec¬ 
tive  quantities.  Towards  the  evaluation  of  the  expected  value  wd,  and  the  probabilities  Px(0  in 
the  above  systems,  we  define: 


1 


I 


2,^ k_n :  Given  a  time  instant  within  a  CRI,  such  that  n  packets  have  counter  value  equal  to 

1,  and  k-n  packets  have  counter  value  equal  to  2,  the  expected  cumulative  delay 
of  all  the  packets  transmitted  from  the  point  that  the  event  (n,k-n)  occurs,  to  the 
end  of  the  CRI. 

/tm:  Given  k  packets  with  counter  values  equal  to  1  and  m  packets  with  counter  values 

equal  to  2,  the  number  of  slots  needed  by  the  algorithm  until  the  first  successful 
transmission,  (and  including  it),  after  the  k-muitiplicity  collision  has  been 
observed. 

Pk(/):  Given  a  k-multiplicity  initial  collision,  the  probability  that  it  takes  l  slots  for  its 

resolution,  including  the  initial  collision  slot 

The  operations  of  the  algorithmic  system  determine  then  the  following  expressions: 

Zo.o  =  0,  Zi,o  -  1,  Zo,k  =  k  +  Zk,o  ;  k>l 


Zi,k-i  =  k  +  Zq  ^-i  =  2k— 1  +  Zk_i%o  ;  k>2 
Zn.k-n=k  +  2~n  2  f Z^k-i  ',  n>2 


,-wM 

k! 


Zk.o  ;  d  <  A 


Also, 


U  (^A)k  7 

2a  e  Zk.0  ,  d  >  A 

k>0  K- 


P(/io  =  0)  =  P(/0.0=0)=l 
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P0(1)  =  P1(1)=1 
P2  (/)  =  P(/Zo  =  /-2),for/>4 
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Our  methodology  provides  upper  and  lower  bounds  on  Dx  which  are  identical  to  each  other 
to  the  first  decimal  point,  for  X  values  less  than  on  equal  to  0.35,  (the  throughput  of  the  algo¬ 
rithm  in  the  prototype  system  equals  0.43).  Below,  we  provide  the  D*.  values,  to  the  first 
decimal  point. 


X 

Dx 

0.01 

2.5 

0.10 

2.8 

0.15 

3.2 

0.20 

3.9 

0.25 

4.8 

0.30 

6.8 

0.35 

9.6 

Table  A 
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